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A system of two differential  equations of parabol ic  type is examined.  A boundary value problem is set up 

and solved. A system of integrodifferential  equations is obtained for determining the unknown functions. 

A method of reducing this to a system of ordinary Volterra integral  equations is given. 

Consider the system of  differential  equations 

2 OUi (O~Vk O~Uk "~ 
Ot -- E a'k \--~x 2 + Og 2 ] 

k = l  

(i----- 1,2). (1) 

We impose the following conditions on the real  coefficients aik: 

( a l l +  aez) 2 - -  4 ( a l l a ~ e  - -  alza21) = O ,  

If (2) is satisfied, the roots of the character is t ic  equation 

a n +  a22 > 0. (2) 

a u -  )~ al2 = 0 
azl a22--  ~, 

(s) 

will be positive and mult ip le ,  i . e . ,  k I = k z = k > 0. 

With these assumptions we shall  solve the following boundary problem. 

Probtem: To find a solution of the system of equations (1) i n t h e  region Pi t  > 0, 0 < x < Z, - ~ < y <  + ~] ,  sat is-  
fying the in i t ia l  condition 

Ut (x, g, t ) [ t=o=0  ( i = 1 , 2 )  (4) 

and the boundary conditions 

( ~ u14 ~)v~)  x=o=~l(Y' t), \ -~x+ hlUl x=O=~(V' t), 
(5) 

(c~2)Ul+ ~(2 2)U2) [ = % (!t, t), (OU~ )x= l  " x=l \ Ox + h~U2 = ~ (Y, O, �9 

where c@ h i (i, k = 1, 2) are given constants; ~0 i (y, t) (i = 1, 2, 3, 4) are known continuous finite functions having con- 

tinuous finite par t ia l  derivatives of sufficiently high order, and ~0 i (y, 0) = 0. This problem was solved in [3] for the case 

when the roots of the character is t ic  equation (2) are positive and different. 

We shall seek a solution in the following form [4, 5]: 

2 2 

U i (x, y, t) = ~.~ B~. g(1)~(olk [X, g, t ] -  E Bi~ g(2). ~oll ~[x, g,'t] 4- 
k, i = i  k= l  

(6) 
2 2 

+ ~-a B } g l l ) ~ k [ 1 - - x ,  y, t ] - -  , k ~_~Bi2 gt2)  .~. ~0,2_~ [ l - - -  .;, i f ,  t ] ,  

where 

x 2 j _ g 2 ]  ~ 0 (~) _ O~ 
1 e x p  , g~, gO) g~:,~ gO) �9 

g('~(x, v, t ) = 2 ~ ,  t 4Tt j - = ~  ' a.~ ~ ' 
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g(e) (x, tj, t) --  x= + ~ 9  e x p  I x'-' 1- U 2] , g~ ,  = 0 g(2) ,(~) . . . . .  0~ g(~) . 

t +,~ 

0 - - o o  

The coefficients B .k. tj in (6) are defined as follows [4]: 

B ~ B l ~ = a u ,  BIz = ~,--a11, B ~ =  al~ , 12 m_ - - a l e ,  
(7) 

1 2 B 2 B~I == a~l, B22= m a~l, B21 = a~,  22 "~- ~, - -  a~z. 

It is then easy to verify that the functions U i(x, y, t) given by (6) satisfy (1) and (4). 

The unknown functions ~ie (!/, l) (i, k = 1, 2 ) i n  (6) must be defined so that functions Ui (x, y, t) still satisfy 
boundary conditions (5). For this purpose functions (6) must be substituted in (5). 

We first point out the following lemmas: 

Lemma 1: If-the function to (y, t) has a finite derivative 0to/0t and w (y, 0) = 0, then 

~:_, o 0 x " l i m  o~ ,~ d z o~ (~, 8~---~1 ~---~-) ~ - ~ ' ~ )  [ x2 + (9 - -  ~)21 exp  x2+4~ (t(9----~)'q)~ d~q =. 

0 - -oo 

2 k  ~ ~-s y,  t]. 

(8) 

Proof: We first transform the integral under the derivative sign in (8) as follows: 

t --~- r 

J----- d ~  oJ(~q, -~)[x~+(y ~) e x p  + ( y _ ~ q ) 2  d ~ =  
8r:% ~ (t -- ~)2 4~ (t -- -~) 

0 -:-~o 

+~o t 
~- -~-)~ O0 exp  [ x2 4- (9--"tl)~ 

Integrating the inner integral on the right side of (9) by parts, we obtain 

(9) 

Then 

x 2 4- (U -- ~)2 ] d *q. 
4% (t -- w) J 

t +~ 

lim J -=- lim d x - -  exp  
_~.o Ox" ~ o ,  2=k Oz  Ox 2 

0 - - c ~  

x 2 4- (y  - -  ~)~ ] d ~q = 

4% (t - -  "~) J 

t +~ ; ;  [ ___x2][ ~=lirn d-c 1 0~o(~q, -~) 1 --I-- exp  
x-0 2~k 0 ~ 2% (t---~) 4k 2 (t---~) ~ 

0 - - r  

4k ( t -  J 

Since 

We have 

t + ,o  

~ o  . 0~  4~k 2 i t  .~) 2 e x p  - -  
0 - -o~ 

x 2 4- (y - -  ~)2 ] d "~ = 0 ,  
4k (t - -  ~) J 

t +oo 

l lm . J = - - - -  dT  g 0 ) ( 0 ,  y - - ~ ,  t - - - r ) - -  
~ o Ox ~ 2 ~ 

0 - - o a  

0 o~(~, ~ ) d ~ =  
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- 2~ * ~ [ 0 ,  v,,l, 

which it was required to prove. 

Lemma 2: If the function to(y, t) has finite derivatives 0 m ( y '  ~) , 0z m('d' /)and w(y, 0) =0, 
O t Og '~ 

then 

t +~ 

f J 1 g ( t ) Y [ . q [ o ,  t], lira dT e -(~) (x, t--~')to('q, ~)d'q gx~ Y -- % = * Y, 
x~O T 

0 - -~  

where Y [~1 O m k O! w --- �9 The proof of this lemma may be found in [3]. 
O ~ 0~i ~ 

We now substitute (6) into (5), using the properties of double layer "potentials" [4, 5] and Lemmas 1 and 2. 
then obtain 

2 
. . ( 1 )  (1)  _ _  Ka 

i 

~ , ] = l  

2H * ~o2~ [l, V, t ] - -  

2 

- -  '~j (af i)Bl~2 -t- a~ 1) B2k2) g(x 2>* m2/~ [I, y, t] = * i  (V, t), 
k = l  

(lo) 

We 

2 2 

1 1 E B ~ 2 g ( I ) . O m l  k [0, ht, t J +  
">'-~ E B{ig(1)* F[%k][0, y, t]§ 'O 's -  

k, 1=1 k= l  
2 2 

+ v , g.x ' %k [l, y, t] 12 gxx * %k [1, td, l] - -  hld%lm 

k, 1=1' k=1 

2 2 

g k _<I) %k[/, Y, tl hi if__ Lq2gx If, y,  t] = ~2(tttj, t), q- h~ ugx * *m2k 
k, i - - t  #~ [  

(11) 

2 

.(% <21 E [ I , . ,  t] ~., o~ + ~2 ~2., § (~?> B~j+ 4 ~> ~ "  ~ '  

k , ] = l  

2 

- -  ~ t~, ,2 + B~2) * m,k [l, b', t] = % (b', t), 
k = l  

(12) 

J _  
X 

§ 

k, ]=1 

2 2 

1 ,~ O %k 

k, ]=I le=l 

2 2 
~ ~k (I) ~Dk ~(2) 

~2]gkx * ~k [I, b', t] -- ~_~ m22gxx * O)ik [l, y, tl _1- h2 %2 + 
#, /= ;  k=t 

2 2 

,o,2]g~ * tOlk [t, y, t] - -  h2 ~,22gx * %~ = 

, te=l 

(13) 
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Thus, for determining the unknown functions Wik (y, t) (i, k = 1, 2) we have a system of four integrodifferential 
equations (10)-(13), which we solve by reducing it to a system of four integraI equatipns. Thus we, el iminate the func- 

(1) et~ 2) ~ 0". Then tion w u (y, t) from (10) and (11), and wsl(Y, t) from (12) and (13), assuming that a s ~ 0 and 
2 

~ . . .  ~Ii -a~ B~i)g(O .Flconl[O,y, tl+ (~t) B'~2--a~) Bt2) X 

2 (14)  

X g( l~ .  0,on 10, V, t] = ~ )  hpn+~2(y, t ) - -EH~  ~o~2k[l, V, q, d~ 
o 

1 a12) 2 1 ~2) 2 
- B~2) -k- ~ (~2) B~i_ B2j) g(') F [t%~] [0, V, t] + ~-  (a~ 2) B~2-- X 

2 

)< g( ,~ .  0o,,~ [0, v, t l = a l  2) h. 0~  + qo4(V, t) - -  2 H~ "'~k [1, V, t], (151 
0 ,  

k = l  

2 
H .k(l, y ~ %  t - - ~ )  = I ~ ,  n v ,  (ODk , 

, - -  o 0 t ~  ~l~-r- ~(2')B~,)F [ g(~)] -g(') [I, V - ~ ,  t - z ] -  
6 

k 
~, j = l  

2 

- -  ~ 1  D12 + z 029) F [  ] ~r y - - ~ ,  t - - ' ~ ] +  
k 

j = l  

2 

! B~" O~ 2~, ~ (a~')B~,~.+ a~~ (g~2)) .g(,~ It, u - ~, t -  "~l + (16) 

l"+'~(~ t--'~)--B~sg~:)(l, v ~, t - -z )+ + ( - - ,  ~, 
gxx  Y - -  ~, 

/=1 

2 ~n~ _(1),, ~"~ -(~)(l, u n, t ,~)} 
1=1 

2 

1 E B~ig(l'' e [ , , ]  [0, -g, t] q- ~ ( u ,  t) = ~ ,~ (u,t)+ .-~ 
/'=1 

+ 1B~zg(O. 0*--2 [0, V, t]; 
0z 
2~ 

q~, (g, t) ---- --~i2'%(g, t)+ @,EB~/g(1). e[%][O, V, t] + 
. i=i 

2~, O, 
k It may easi ly  be shown that the kernels H k and H~ given by (16) are regular. 

Now instead of (14) and (15), we shaIt examine their characteristic equation 

dco 
L[~o] = Tlg(1)  -fi '[co][O, y. t] + T~g(1)"-~-[0, V, t] =f[V, t], (17) 

*If ~) = a~l)=O, we obviously must assume that e~) 4:0 and ~2)~0. In this case the problem is solved by 
analogous reasoning. 
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where 

2 
1 T ~ =  T n  = 1 - L ' ~ ( ~ 4 ' )  n ' E  ~ ' - " i - -  ~,~(') B~]); T .  = T ~  = ~-~(~,~')BIe--a~')B~2) 

]=1 

for the characteristic equation in (14) and 

2 

/== 

for the characteristic equation in (15). 

We assume that a Fourier-Laplace transformation may  be applied to the functions w (y, t) and :f (y, t). 
this transformation to both sides of (17), we obtain 

Applying 

]/-~ ( T1V p'-}- ~$2 -F T2 
\ 

P ] = (s, p) = ~(s, p), 
V v +  xsi] 0, 

whence 

(s, p) - -  v~'-~- ]/-P + ~ s2 ~ (s, p). 

] f  2-~ (T~@T~) p +TIX s 2 
(18) 

I f T  1 + T z ~ 0 ,  from (18) we have 

(s, p) = Vr-~- ] /P  + ~ s2 ~ (s, p), 
V 2~ (T~ + T2) p -+- As 2 

where A : XTI/(T 1 + Tz). 

If  A -> 0, then, applying the inverse Laplace transformation, we obtain 

] f -~  (TI-kT2) p 4- As 2 " V V ~  (TI+T2) i#t 

t 

+ ] / -Z(~--A)  s2 f exp{-- l~"~+(t-- 'OAls2} dz. 

]/2r. (T1 + T 2 )  0 ]/-~- 

Then, applying the inverse Fourier transformation to th e right side of (20), we get 

V~2 - ~ p • ~ s  ~" 1 e x p  - -  + 

V~-~(TI@- T2) p +  As ~ ~"]/-2-~(T1-]-T2)t . 

(19) 

(20) 

I [ �9 -~ 1 X (21) 
2 V ; ~  (T~ + r2) -Kzaa(z)t  2a2(z)t 

,y2 
dz = F (O, g, /), 

X e x p  4a2(z) t 

where a (z) = ] /  ~ z -~- (1 - -  z) A and the symbol . ~  denotes that the inverse transform must be found first, be -  
fore the inverse Fourier transformation is applied. 

I f A  < O, then 

] / T  I / p  + X s2..  1/-~-(~,--A) 
s e x p  [ - -  As2t] + 

~ 2 ~ ( T 1 +  T2) p + As "~ " V ~ ( T I +  r2) 
(22) 
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3 e x p { - -  [X-~ -4- ( t--  x) Al s ~ } 
-~- ~ dT. (22) 

2 ]/2-~,~ (Tx + T~) Jt  ~ : '  ( toni 'd)  

The first term on the right side of (22) contains the function exp  [-- As~t], for which, when A < 0, an inverseFottrier 
transformation does not exist. Therefore, for the whole right side of (22), when A < 0, an inverse Fourier transformation 
likewise does not exist. 

Generalizing the results obtained, we may  formulate the solvability theorem: 

Theorem: If  T1/(T 1 + Tz) < 0, then Eq. (17) does not have a solution, and if TI / (T  ~ + Tz) -> 0, (17) is solvable 
and the function 

t +00 
o~(g, t ) -~L- '[[]= l d z  I F(O, V--~,  t - - , ) [ (~ ,  z)d'c~= F,[[O,v,l] (23) 

,) 

is a solution, if f (y, t) has continuous finite derivatives Of~Or, 0~[/092. Substituting (23) into (17), we in fact verify 
that the function co (y, t) given by (23) satisfies (17). We may  therefore remove all the conditions previously imposed on 
co (y, t) and f (y, t) for application of the Fourier-Laplace transformation. 

For the characteristic equations in (14) and (15), the condition of solvability is formulated as follows. 

(1) 
If A~=T~,/(Tn-}-T~2)> O, i . e . ,  if ~(21) > 0 and a(z')(aa~+3az2)+2a~)a,~> O, or ~(2')< 0 anda2 

( a n +  3a~o.) -+- 2~l i )an < O, then the characteristic equation in (14) is solvable. 

I f  A2--- T~I/(T2~+T2~) >,0, i . e . ,  if  ~I 2) "> 0 and ~ ,12) (3an t  a~2 )+  2~(22)a~1> O, or a~ 2) < 0 anda~ 2) 

( 3 a n +  a~ )  + 2~(22) a ~ l ~  O, then the characteristic equation in (15) is solvable. 

We shall call  the expression F (0 ,  t], t) the resolvent of(17),  and F I (0 ,  b', t) and F2(0, g, t) the re-  
solvents of (14) and (15). 

We assume that the characteristic equations from (14) and (15) satisfy the conditions of solvability. Then, apply-  
ing the inverse operator L -x to (14) and (15), we obtain 

2 

O)11 (V, t) = 0'.~ 1) h I F 1 * o,)11 [0, V, t] - -  ~ H/~ * r x �9 o)2k [l, ~t, [] --~ ~1 "qD,2 [0, .~/, t] ,  (24) 

2 

o,~2 (g, t) = ~2) h=s ~o~ [0, V, t] - -  ~ H~. F :  ~oi k [l, V, t] + F2* q~4 [0, V, t]. (25) 
k=l 

We substitute the values of wtl and cazz found from (24) and (25) into (10) and (12). We then obtain new integral equa-  
tions, which form a system of four integral equations with regular kernels: 

t +00 
(-01](..,L/, t) f fd"~  ~ fg"( l ) (o ,  

0 ~o:, 
t - - 'O~on(~ ,  , )d '~  + 

2 t +~  

+ d ~: ~Ii b' - -  "4, - -  

k=l 0 --00 

t + ~  

f e~i(g, t) = d'~ "~2i 
0 - - ~  

v - %  t -  T)c%~(,~,-Od~ + 

(26) 

2 t + ~  

+ 2.f ,f "' 
k~l  0 --00 

t - -  "0 ~lk ("~,' T) d.~ + F~.; (g, t), (27) 
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where 

/~11~= =~)h~ r ,  (0, Y - - ' t ,  t - - x ) ;  ~,~,,"~') = - -  = l ' h , r , ( 0 ,  y - - , i ,  t - -T ) ;  

K(~) --H~.F~[I, Y--H, t "q; 

K o ) =  al ~) H~ -r~(t ,  y - - -~ ,  t - - ~ l  + 1 
2 

f = l  

X gx (') [l, y - - %  t - - T ) - - l - ~ ( a l  ' ' B ~ q(2 l) gl 2> ~2+ Bk2) (I, y - - ~ ,  t - - ' 0 ;  

Kt•) H~ - P~ [l, y - -  % t - -  "r]; 22 

2 

~ )  ' 4~) ~ V (~?) B~] + 4 ~) o~) • 
j= l  

1 (alz)B~2§ a~ +) B~)  g~:)(l, y --~i, t - -+) ;  • y-,~, t -+)+-~> 

F~I= F~* %t0 ,  g, t]; F~  . . . .  g(2, ) r l "  q)2[0, Y, [l--~2~) ~l(..U , t): 

F2~=G'q~4[0, y, t]; F21-- ~12) r2" q~4[0, 

We may obtain the following estimates by direct calculation: 

1 y, t] + _-~)% (g, t). 

P e x p [ - - g  ~ ( y - ~ ) 2  ] (28) I F, j (y, t)l ~M,IK[?I ~ t ----T -t Z -~  ' 

where M, P, and 5 are some positive constants, 

We shall seek a solution of system (26), (27) by the method of successive approximations in the form of the series 

%](y, t )=  ~ ' ( y ,  t )+  ~))(y, t ) + . . .  + ~7)(y, t) ~ . . . .  (29) 
where 

+~o~ (y, t) = F.  (y, t); 

t +o~ 

+lT'(y, o = i 'd  ~ S ~'~' (o, - t--,) ~17-~)(~, ~)d~+ 

2 t + ~  

+ 2..t  d "  j K~.' ~t, ~-+,  . - . ) .  ~o--',- , ,ozk t~l, x) d rt; 
k = l  0 - - ~  

Using (28), 

Jn) 
2i (Y, 

t +~ 
/f(') (o, t ~)~o~-~)(,~, ~)d,t + 21 Y ~ ~, - -  

2 t +:~ 

,x2j (I, 
k = l  0 - - ~  

it is easy to show that 

t ~ ?  (y, t)l -<- 2 t ~  
F [(n§ 

(+)/ t 5 ,  where P l =  3P F ~. 
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Since 1~ ( n - ~ 2  2 ) / I "  (n  + 3 ) /,---ff--j "~ 0 as n ~  ~, series (29) converges absolutely and uniformly for 0 ~ t ~ T. 

The results obtained may be generalized as follows: our mixed boundary value problem (1)-(5) has a solution when, 
and only when the characteristic equations from (14) and (15) are simultaneously solvable, which is possible if the co- 
efficients aik, a} 1) and a} z) satisfy one of the following four conditions: 

a(z 1) > 0 

q(2 ') ( a n +  3a~:) -f 2=~')a1~> 0 

~I ~ > 0 
a~ 2~ ( 3an4-a~)q-2a~ 2~ a2~ ;> 0 

a(~ ') (an + 3a~2) +2:~I)a12 < 0 

a~ 2) > 0 

al 2) (3an + a2~) + 2a(22) a21> 0 

@) > 0 

~t(') " 2  (anZ,-3a22) -~-2~I1)a12 > 0 

al 2) (3an + ae2) + 2~  2) am < 0 

a(2') (an + 3a~) + 2~I')a,2 < 0 

a~ 2) < 0 

~2) (3all + a2..) + 2 ~  2~ a~l < 0. 
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