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A systemn of two differential equations of parabolic type is examined. A boundary value problem is set up

and solved. A system of integrodifferential equations is obtained for determining the unknown functions.
A method of reducing this to a system of ordinary Volterra integral equations is given.

Consider the system of differential equations

2
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We impose the following conditions on the real coefficients ajy:
(an+ 02)* — 4 (a2 — 012051) = 0, ap+ s> 0. ' (2)
If (2) is satisfied, the roots of the characteristic equation
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will be positive and multiple, i.e., A3 =Xy =A >0,
With these assumptions we shall solve the following boundary problem.

Problem: To find a solution of the system of equations (1) in the region Pft > 0, 0 < x < I, — » <y< + =], satis-
fying the initial condition

Ui. (xy yy t)lf=0 = O (l = 1;2) (4)
and the boundary conditions
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where a%‘, hi (i, k =1, 2) are given constants; ¥; (y, t) (i =1, 2, 3, 4) are known continuous finite functions having con-
tinuous finite partial derivatives of sufficiently high order, and ¥;(y, 0) =0. This problem was solved in [3] for the case
when the roots of the characteristic equation (2) are positive and different.

We shall seek a solution in the following form [4, 5]

2 2 '
Ui (X, Y, Z() :Z Bge].g“)*wlk[xa Y, t]_EBi%g(Z)*wlk(Xy Y, t] ~+
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The coefficients Bk in (6) are defined as follows [4]:

2 2
Bll: 1, BlZ = A —an, Bu=ay, By =—ai,,
\ 1 2 2 M
Bo)== ay;, Bos= —ay1, B21= Gy, Bog= A — Q.

It is then easy to verify that the functions Uj (X, y, t) given by (6) satisfy (1) and (4).

The unknown functions w; (y, {) ({, 2= 1, 2)in (6) must be defined so that functions Uj (x, y, t) still satisfy
boundary conditions (5). For this purpose functions (6) must be substituted in (5).

We first point out the following lemmas:

Lemma 1: If-the function w(y, t) has a finite derivative 8w/dt and w(y, 0) =0, then

lim _j“ J" o DI +(y— [_ 2t (y—)° ]dn -

x5 00%? 8mA2(t— 1) 4\ (t—n)
(®)
ET &
Proof: We first transform the integral under the derivative sign in (8) as follows:
i 2 — )2l 2 )2
J_gdrgwn, 7%+ (y n)lexp[_x+(y 0 g
8aA(t —1)? 4h(t — )
9

+ t
r 0 2 AT
=_\S‘d1ij (1) __exp,:___.x_iu dt
2117» dt 4h (t—7)
Integrating the inner integral on the right side of (9) by parts, we obtain

£+
- 2 — )2
J =j‘d1 1 duin v 1:)exp Bl e :ldn.
: 2rh, ot 4h (f — 1)
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Then ;

+
2 2 2 o
x-+0 Ox? %0, 9=k Ot Ox® AN —n)
0

_i 2
;—11n1§d rJ‘ du(n, 7) 1 + g exp [—x———z F = J dn
x>0 9=  dv | 2 (t—7) 4A(t—1)p 40 ({t—1)

Since
t} +;‘°a(!3(72 ’L') 12 x2 +(y__.q)2
limgdr 2 exp[_————— dv =0,
£-0 0t 4=A? ({—1)* 40 (t—1) .
0 —00
We have
0> 1 I 0 of )
Iim—J=——\{d M0, y—m, t— o, 1) g
x>0 Ox? 27»5 Tj‘g © g—m= R Jdt 4
0 —c0
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which it was required to prove.
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Lemma 2: If the function w(y, t) has finite derivatives 9

a 2
t +g°
limjdr J g x, y—m, t—7)o(n, v)dy = —}i—g(” « Flo][0, y, t],
x-0
0 —0
dw e .
where F[w]= 5— — )\——2 . The proof of this lemma may be found in [3].
T "

and w(y, 0) =0, then

We now substitute (6) into (5), using the properties of double layer "potentials” [4, 5] and Lemmas 1 and 2. We

then obtain
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Thus, for determining the unknown functions wit (¥, 1) (4, k =1, 2) we have a system of four integrodifferential
equations (10)-(13), which we solve by reducing it to a system of four integral equations, Thus we eliminate the func-
tion wyy (y, 1) from (10) and (11), and wyy (y, t) from (12) and (13), assuming that agl) # 0 and eqz #= 0*, Then

2
LV (o Bl o) B gh + Flonl 10,4, t1+——(a §") Bia—af") Bl) X
A

- (14)
g0+ D10,y 1 = ) s, — Y A ol 0,1
dv -
“2< ok Byy— af? By) g+ Flow][0, 4, t}+—~(a§2’ By— af” Bi) X
f=1
do :
X W e 20, g, 1= hyuy + @u(y, ) — Y HE oL, g, 1) a9
ot e :
1 2
HE(l, y—n, t—<)=— ¥ Bj(af"Bl+ ofBE) F| gl eg (1, y—n, t—1]—
)
- _EBZ (af"Bly +ai"BR) FL g 1+ g [, y— 1, 1—1]+
LB VY OBt o988 2 (1 )+ g0l (el
- 07t
l I ] i a
— — Bl (a{"Blot- of"Bl) — (& )1 g [, y—, t— 1]+ (16)
2\ Jt
— 1)l ZBU g (L y—n, t—)—Bag®(, y—m, t—v)+
(
+hy EBﬁgfc” (Ly—m, t—7)—hBhg® (I, y —m, t — r)}
(z‘:l, 2;i’:{1’ if iz?) :
. 2, if i=1
@(0,8) = a8 b (00)+ VBug<1> « Flp,010, 4,1 +
j——l
1 e 0y
.__B (1) o ~ 22 0 { :
+2x 128 aT[,y,]
21
1 ,
Qs (y, 1) = —‘G{Q)llh(y, )+ T‘EBéfg“’ = F[s] 10, g, {1 +
o=t
1 i a'lp:;
+ — Baog(l) s 0, y, t].
Yy 208 s [0,y
It may easily be shown that the kernels Hi‘ and Hé( given by (16) are regular.
Now instead of (14) and (15), we shall examine their characteristic equation
0
Liol =Tig® - Flol10, y, 1+ Tag"« =210, 5, 6=y, 1], an
T

*1f o{¥ = a{1)=0, we obviously must assume that af' £ 0 and af?-£0. In this case the problem is solved by
analogous reasoning,
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where

1
Ty=T; = 2(&%” B}j—— ! B%j); To="T = ﬁ(aél) Blg—a{V 3122)

I=

1
A

_—

for the characteristic equation in (14) and

T1: T21:

> | =

2
(2) pl (2) p2 1 (2) pt 7y n(2)
(257" Byj— a1” Bg)); Ty=Tp = — (03" Bos—a, ’'B3’ )
]21 ’ 22

for the characteristic equation in (15).

We assume that a Fourier-Laplace transformation may be applied to the functions w(y, t) and f (y, t). Applying
this rransformation to both sides of (17), we obtain

- 1 P+}V‘S2+T2—*__— (!)(S, P):f(sg p)y
Vi V o+ As

whence

= N A s? =
P AL S E R Y, 18)
: Vor (T1+To)p+T1As

IfT; + T, #0, from (18) we have

VY VerhSg (19)
V or (T1+T,) p -+ As?

o(s, p) =

where A = NT/(Ty + Ty).
If A= 0, then, applying the inverse Laplace transformation, we obtain
vV Vp+as . VA exp{— A s?f] I
Vor (T\+Ty) p+As V2 =(T1+Ty) Vit

(20)
— ¢
VA (A—4) ﬂ exp {—IAt+ (t—DAls*) |
- — S — .
VER(TAT) &
Then, applying the inverse Fourier transformation to the right side of (20), we get
e T >
VB Ve, | exp[___g_}_+
Vor(Ti+ Ty p+A2 ~ vVom(T Tyt | 4t
— !
. 2
L V0= S ! [1—-—2———]>< o
2V 2 (Ty +Ts) 5 vV z ¥ (2)t 202 (2)¢
yz
Xexp — T dZ:F(O, Y, t)’
4a*(2)t

where a(2) =) Az-(1 —z)A and the symbol = denotes that the inverse transform must be found first, be-
fore the inverse Fourier transformation is applied.

If A <0, then

Vi ¥Yp+is . VA0 4

— > —— sexp[— As¥*] + (22)
Vor(Ty+Ty) p+A®  y2n(Ti+ Ty
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. n f_. . _ 2
_/x 5 exp{— (At +(tE—D)Als) (22)
2V 2= (T +To) : e (cont'd)

The first term on the right side of (22) contains the function exp{— As%], for which, when A < 0, an inverse Fourier
transformation does not exist. Therefore, for the whole right side of (22), when A < 0, an inverse Fourier transformation

likewise does not exist.
Generalizing the results obtained, we may formulate the solvability theorem:

Theorem: If Ty/(Ty + Tq) < 0, then Eq. (17) does not have a solution, and if T4/(Ty + Tg) = 0, (17) is solvable
and the function

t 4o
oy, )=L7[fi={dv [ T(0, y—n, t—0)f(n, Ddn=T»}[0,5,4 @9
0 —

is a solution, if f(y, t) has continuous finite derivatives Of/0f, 0*f/0y®. Substituting (23) into (17), we in fact verify
that the function w (y, t) given by (23) satisfies (17). We may therefore remove ali the conditions previously imposed on
w(y, t) and f(y, 1) for application of the Fourier-Laplace transformation,

For the characteristic equations in (14) and (15), the condition of solvability is formulated as follows,

If Ai=Tu/(Tu+Tw)>0, ie, if af >0 and o’ (ay- 3a5) +208Va,,> 0, or o{"< 0 and "
(@314 3as) + 21§Y0,, < 0, then the characteristic equation in (14) is solvable,
1f Ap= To(Tor+ Tas) >0, ice., if a® >0 -and of® (3ap; + ag)+ 202 a5, >0, or a? «0 andal®
(3au+ az) + 9ut? @< 0, then the characteristic equation in (15) is solvable.

We shali call the expression I'(0, y, ¢) the resolvent of (17), and I'y(0, y, #) and T5(0, y, {) the re-
solvents of (14) and (15),

We assume that the characteristic equations from (14) and (15) satisfy the conditions of solvability. Then, apply-
ing the inverse operator L™ to (14) and (15), we obtain

o (y, ) =0t Ty +on(0, 4,11 — zﬂwhwmﬂaﬂ+ﬂwwoaﬂ (24)
k___
2

g (1, 1) = a{? hly» 032 [0, y, 1] — EH’;* Ty 0 1, 4, 81 4 Tav 94 [0, 4, £]. (25)
k=1

We substitute the values of wqy and wy, found from (24) and (25) into (10) and (12). We then obtain new integral equa-
tions, which form a system of four integral equations with regular kernels:

o (4, 1) jdt KiP (0, 5 —m, t —v)on(n, Hdn+
2 { o

+ S‘.th S K(Q) (!" Yy—1, f""‘:)(’)%(‘?y T)d'fl +F1](y’ t); (26)
k=10 —0

wﬂxﬂ—fdrmew,y—mt—rMMmﬂdw+

2t +ow
+2§“Y K& (1, y—m, t—1)oy(n, Tdn+ Fyu(y, 1), @0
k=lb —Lao
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where
BN=ad"m 0, y—m, t—1); Ki¥ = —al"m 000, y—, 1 —1);

K® = —HETyll, y—o, t—n;

af 1 1
@ = :l)Hz Ll y—m, t—1l + —‘221 (@' Bt of By x

j=1

I )

X g, y—m, t—1)— ~—< " Blo+ o Bly) gl

(L, y—m, t—1);

Ky = alPhoT4(0, g —, t—1); K = — o2, To(0, y —m, f—1);
Kéé) = ’“HS’I‘?[Z’ y—-yb t‘—T];
) |
9 0 1
= é) Hie T(l, y—mn, t—1] *?Ez<a‘3’3’?f+a§2’3’5/>><

f=1

gin(l, y—n, t—1) -+ 1(2)( (2) 312+ OL2) Bg?) g)(cz) A, §j—, t—1);
aj

(1)
a '

Fu=T1 910, y, 1, Fip = — a:l—) [ 9,0, y, ¢ _"-(T} iy, 8
2

(2)
1
Foo=Ta+ @l0, y, 1]; Fy = “% Lo a0, g, 1 + ‘aTg)\P?,(!/, £).
1 !

We may obtain the following estimates by direct calculation:

| Fuly, ] <M, 1K) < %exp[~aﬁu] :

t—=

where M, P, and § are some positive constants,

(28)

We shall seek a solution of system (26), (27) by the method of successive approximations in the form of the series

wi(y, =o' (y, D+ oy, )+ ... +0P(y, 1) ...,
where
%’(y, ty=F,;(y, 1)

off (4, )= SdT f KD, y—n, t—5)ofi™ (r, 9dn+

Z_ ¢
+ 2 de { K (1, y—mn, t— el ™y, nd

k=10 °°

o0, 0= fds f K O, y—, t—1f™ (s, Ddn+
Q .
2 ¢
(2) o ) =D :
+2jd1j1< (I, y—n, t— )0l (n, <)dn.

k=10

Using (28), it is easy to show that

;{?)( Y, t)j < M_ t—§, where P1=3PT (—1_>/ E
T [(n-+2)/2] 2

(29)
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2
Since T (n ‘}2_ ) / T (n —; 3‘ — 0 asn' = =, series (29) converges absolutely and uniformly for 0 =t = T.

The results obtained may be generalized as follows: our mixed boundary value problem (1)-(5) has a solution when,
and only when the characteristic equations from (14) and (15) are simultaneously solvable, which is possible if the co-
efficients a;, agl) and ozi(z) satisfy one of the following four conditions:

/

>0 ' >0
ai! (an-- 3as) + 2a{" a;5>> 0 aél) (@11 3az) +29¢§” a3 >0
af? >0 o <0

af® (3ay +@ae) 2057 25> 0 _ - of? (3ay, + ag0) + 2287y < 0
£ < 0 4 < 0

0§ (ay + 3a) +20{a;, < 0 of" (ay + 3ass) + 228" @y, < 0
>0 P <0 '
af? (3ay, 4 ) + 2087 35> 0 *af? (3an + az) + 2087 a4y < 0.
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